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ABSTRACT

An analysts of a seal model is made where the rotating element has

both fixed tilt and two-lobe waviness. The stator is assumed to be gimbal

mounted and to have inertial mass. Hydrodynamic lubrication is assumed ,

following the short bearing or narrow seal model. Conditions are examined

where the stator precesses in synchronism with the rotor rotation. Par-

ticular interest is given to operating conditions where such behavior appears

to degenerate.
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INTRODUCTION

In recent years , numerous theories have been advanced to investigate

the mechanism of mechanical face seal. It is now widely accepted that

misalignment alone or coupled with seal surface waviness is the cause

for the existence of a lubricating fluid film be tween seal faces. In

the case of n o n - f l e x i b l e  mounted face  seal , whi le  s t a b l e  opera t ion is

possible if only one of the surfaces is misaligned , Harrd t & Godet [1]

have shown that axial vibration may occur if both of the faces are mis-

aligned. Flexibl y mounted face seals are used in many app lications to

accomodate misalignment. These should have at least second mod e

waviness on one of the surfaces in order to have stable motion has been

stated and experimentall y proved by Stanghan-Batch & m y  [21.

Thin film flows between solid boundaries can cause viscous heating

which may lead to thermal de formation of the solid surface and consequent

alterations in the flow . The heating and de formation may enhance each

other progressively to cause large surface distortions and failure. The

phenomenon , referred to as “Thermoelastic Instability ” has been studied

by Banerjee [31 . Critical sliding speed , above which instability may

occur , has been found , for thermal conductor sliding on insulator:

(1)

where mean film-thickness h is held fixed , K is the wave number of the dis-

turbance , K the thermal conductivity of the conductor and ~ its coefficient

of therma l expansion . The critica l speeds measured experimentally were

found to match those predicted by Eq. (1) extremely well. This equation is ,

however, restricted to constant i~ and non-flexible mounting. Later , an

improved model where constant h condition is relaxed has been studied [4],

finding that thermoc lastic effects lead to a continuous change in surface
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waviness as well as mean film-thickness , with changing speed . Conse-

quently , the unstable region cannot be obtained in practice because there

exists no path to it from the initial waviness at rest. This theory is

based on th e assumption th a t moun t i n g is iner tia less therefore eliminates

the e f f e c t  of misal ignment  completel y.  In a set of experiments

later  performed C S] ,  where a gimbal has been used to simulate the flexible

mounting, although mean film- thickness is predict i very well by the theory ,

it is ob served that f i r s t  mode wave grows almost three-fold in the tested

speed range . This increase is believed to be thermoelastic in nature ,

and is a consequence of gimbal inertia , loading the faces.

In view of the abov e fact , a new model for the f lexible mounted face

seal is studied here , taking both f i r s t  and second mode waviness into

account , to provide a be t ter understanding of its dynamic characteristic

and thermoelastic effect .

_ _  _ _ _ _



ME THOD OF APPROACH

A t h r e e  degr ’~e ot  t reedom t ace seal  model has  been proposed wh i ch

is  i l l u s t r a te d  in  F i g .  (fl . The ‘‘ro t or ” is a floating element w i t h  both

ir s t  and second mode w a v i n e s s  on th e  ~~~ 1 su r t a c e  ; t he  ‘sta tor ’’ is t l e x —

i h l v  mount ed  such t h at  t h e  edge ot  i t s  I li*t s ur t a c t - e~ In have ’ an g u la r  di s-

p l a c em en t  ~ihou t  i t s  c en t e r  of mass .  It is also assumed tha t  rotor  is a good

therma l c o n d u c t o r  w h i t e  stator is a good i n s u l a t o r .  T h i s  a s s u m p t i o n  is

r ea son ab le  [t~1 and leads to cons id e rab l e - simp li I i e . t t  Ion of  th e  a n a ly s i s .

The p rocedure  t o r  s o l v i n g  t h e  p r o b l e m  can t h e n  he’ s t j t t d  as t e l l e ~~s:

~rt’ter t o  block d i a g r a m . F i g .  ~~~ 1

1 . Assuming  t h a t  t u r n  st I I t n e s s  large  lv insure ’ s t r a c k i n g ,  t h a t  is , t h e

s ta t o r  wi U f o l low  the  r o t o r  synch r onous ly  (hu t  n ot  n e c e s s a r i ly  in

ph a s e)  .

2. Considering steady state solutions only and choos ing  the most con-

yen te n t  rotating coordinates.

~. Assuming small-p erturbations , thus allowing hydrodvnamic pressure

t o  he a linear function of operating waviness.

Case 1. Removing second mode w a v i n es s  f rom r o t o r .

T h i s  enable’s one’ to ~-a I c u l at e  t h e  f o r c e ’ and moment integrals.

T h i s  i~ examined to  see’ what  is  the ’ role of  the  f i r s t  mode’ f i l m —

th i ckness whe n the ’ stator is f l e x i b ly  mount ed .

Case 2. Thi’ con f igura tion where  first and second modes exist.

The information previousl y ob tained is used to s imp lify the

analysis. It will he found that the problem can still be treated

as a linear one’ where force’ and moment depend “ sepe r a te ly ” on second

mod e and first mode’ operating waviness , so long as wav iness  amp litud e’

is small compared with film-thickness. Once force and moment inte’grals 
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have been car ried out , one’ can easily arrive at the’ last step of the

blo ck d iagram , where operating waves are composed of initial waviness

and thennoelastic deformation on the rotor , plus sta tor tilt which is

caused by hydrod ynamic forces. Use’ of this result enables one to obtain

the’ condition of thermoelastic instability, and to find out critical

slid ing speed.

When the restriction of small-perturbation is removed , it will be

shown that the characte’ri~ tics of the  problem remain the same while only

a numerical correction factor need to be considered.

Reiterating , the motion of face seal elements will be investigated ,

where’ the rotor is rigidly fixed to a shaft , and may be tilted as well as

wavy in the second mode. It will be treated as a thermal conductor and

subject to thermal deformation as the result of frictional heating by the

fluid film. The stator will be treated as a flat , therma l insulator

suppor ted in gimbals. Operation will be studied where the waviness component

of film-thickness is small relative to the mean value (a condition observed

in experi ment~~, and pa r t i cu la r  in teres t  wi l l  be given to those operating

cond itions where this configuration becomes impossible. Hydrostatic pressure

and leakage effects will be omitted from the present analysis.

Comment on Notation. In that which follows the tilda (“ ) will denote

quantities associated with the stator and the carat (
~) wi l l  deno te

quan tities associated with the rotor. First mode or tilt of the stator

would be , in such notation , ‘~~ cos 8, when e is a measure of angular position .



THF ORY

Hv dr o dv n a m i c  e q ua t i on s :

R e t  e r r i n g  t o  Fig. (3) . i t  w i l l  be’ assumed t h a t  radius R is much

1 ar ~ er t h an  w i d t h  1. ot  se ,e I sur  I a c’’ , the re’ tore :1 One d i m e n s i o n a l  R e v n o  I d ’  ~

e’qeiat ion w i t h  narrow — t ic , - ~ipp r o x t m a t ion  [ can h ’  writ ten .is

(h - + 12 ‘I

where h i s  o ver a l l  f i l m —  t h i c k n e s s , a t u n c t i o n  ot  x ~nd t bu t  not  o I v

lt e n c i ’ , t o t  egr a t  t u g  p t w i c e ’ w i t h botii~d a t v  cond i t i o n s  p — 0 at  y + 1. 2

r e su l t s  in

P (~‘-~
-V  - 4L1 ~~~~~~~~~ ~~ + ~ii-~

Width - aVe rage’d pre s sure  can he ca icu 1.i ted as

.1 -) - ‘

.j 
‘2 dv — - - ~~~ ~1!L ’ ~~3~~~x 1~~~t
L .li h

R o t a t i n g  coo r d i n a  te ’S may he’ chosen to s imp i i Iv t h e  problem. Und er

the ’ a s s u m p t i o n  of synchronous  met ion , i t  can he’ re cognize d that the p re s s u r e

d i s t  ri  hu t  ion i s  ro t a t  log wave’ , b u t  non —v a  rv log in shape’ the re  fore ’ i t  w i l l

h,’ c o n ven i e n t  to choose’ moving c oo r d i n a t e s  such t h a t  pr e’ssure’ f u n c t  ion w i l l

b~’ t j x , -j  w i t h  r e s p e c t  t o  them . In  t h i s  f avo rab le ’ r e t e r e ’nce frame’ s y s t e m ,

the  I j im— t h i  ckn e’ss wa ve’ is f i x e d . T h i s  does not requi re’ t h a t  the wave

re’pre’sentlng tilt of the rotor or suitor to he in phas~’ wi th the film-

t h i c k n e s s , hu t  onl y that the’ phase’ rel :i t ionships in the ensemble’ are’

preserved in t ime’. Recall that the su r t a c e  wave’s are  f i x e d  to  th~’ rotor ,

hence’ ?h/~ t disappears , and the  s t at o r  surface’ is moving  past with the ’

velo city -V. When this s i g n  I s  t aken  i n t o  account  Eq .  (4) is rep laced 1w

— i ~!L
2h 3 ~~ 

1,

-B-
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where V is now simp ly the magnitude of the sliding speed . This equation

show s that  pressure is a function of position and that squeeze effect is

not seen in the chosen coordinates.

Force and moment, according to definitions , are

—= J+ pLRd O (6)
p

Mx = -J’÷ pLR
2 sinGd8 (7)

= 
~~ 

pLR2cosOd8 (8)

where “p
~
” is used to denote that integrals are effective only when pressure

is positive , while in the region of negative pressure cavitation is assumed

to occur and pressure is zero. This condition has been experimentally

~~uved to be qui te  accurate for the face seal C2] .

_ _ _
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ot’ et ’ is conat  an t  I ci atup t i t  ude ’ but  m o v i n g  ci tong I h~’ e’dg.’ ot t h e  s t a t  or

sur tac t ’ , i t  can he se’e t i  tha  I i t  t h e  t I l t i n g  amp l i t  ud .’ 
~ 

( F i g .  .
~ I a

Li c eliupa red w i t h  Ii • wli I ch I a gene i’a Llv t c ue. , t h e n  t h.’ a n g L e  ot  t l i t

w i l l  tie ’ appi’ oxlcuci t e’ l ’ c’ ’

S
i

Rot at  i c:~ ~‘1’~’t’d I na t e’s ( see F i g .  -
~ m a r  t ic ’ e’h ei~~e ’ti an  t h a t  t h e ’ v a I a

t h i ’ a x  t a a h i t i , ~ wh I elm I i t  t ie c ’ t i  m a • ~ i iei I t  may a I a e’ tie’ t aken t o l i e  I n

he ’ p l an t ’ c it  I h. t ace ot t he ’ s t a t  or .  Liii ’ x ax Is  t~~ pt’rp eitd I t’uia  c t o  t Li t ’

v ax  ( a ~encl p01 iii a In t h e  ~I ( t t ’ c’ t ( t in cit iii8x Imnue .‘ ie’vat I on c i t  t he ’ s t a t  or .

ax I a I a t h a t  about  wh te ’li t h e  t’o t o e ’  t u rn s  anti I a I ake ’u I c~ he v.’ it  ~-a i
I,

whitt ’ t he t, ax I a re ’prt ’  sen I a I h~’ ttoe ’hiki I t c i t h e  p 1 au ,’ o I t h e  stat om I a ~
‘
~~‘

lii e’ ci ynam I c’s c i t  a ii ax Ia l i v  a yuuue’ Ii- I c’ mass mew In  g w i t h  such a ii Fit I c r  t a n

ram. ’ a re well umuti et’ ,ct ~eid 1,5c c’ A p p e n d I x  F I or t n t  t h e e ’  ce~n~ue’tl t ) . For t

c a  Sc ’ wt i t ’ i t ’ t h e ’ t l It an g le  y ~, Ine ’5 snreei hi ’ t wee’n t h e  e ant i I. c ixes)  Fe t a In s

c onst  a ci t  ma gui i t  ~~~ • wh ii ,~ t he ’ cit re e’ I I on o I th.’ v ax I s tot  at e  s a t  t ’ad I iv at

tii~’ :sngu La r apee ’et c i t  I l i t ’ s h a l t  , u , t h e  meime ’nt a ae ’ I I ng on t i l e .  15885 a t e such

I bes t

M — 0, M — 0
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M — I w ’ s i n y c c i s )  1,101

I t  th . ’  stat cii’ Is t iukt ’t i  t o  he a i b i n  u lug

I — IUW :.

whi ’ t’e H Is t hi’ m ’esn i tltI I n s  cit I hi’ t I mig • ant i  E q .  (10) t i ee ’ei me’a • I t ’ t  a~ ici 11 y

m V (1.)

R.’e’d II ha t this motu~’n I I s  c ’t cons t ant uwegn ( I net.’ antI :1 lwe*~’ a 8t’ I s I c i oppose’

the  a n g u l ar  d i sp la e’c’nie’nt y,
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u —
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1’

he’a I. Is only a sma l l  amount  of pe rce ’u t age ci I t ha t  conctuc t e d .  In vi ow 01

th is it can be’ as suun’d t h a t  genc’rn t e’d b oat w i l l  be remove’d by conduct ion

alone ’, furtht’nnore’ , it wou ld conduc t  t o t a l lv  i n t o  t h e  rotor wh i ch is t h e

only  conduc tor  unde ’r cons ide ’ra t iou .

The e’qua t ion Ve ’l8 t tng he’a t i n p u t  t ti :1 sur fit c~’ and the ’ corre’ spond tu g

stir 1.1 cc curvel t cure ha a been show n by Ru e ’  t 0 f l  e’ I a I I ~ 01 , anti will be we’ itt en

.15

— ~~~~~~~ (l? m)
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~ 0 (it))

‘list ’ c- s ’ fore the’ poa it ! ye’ pr i ’s scm ri ’ u- .’g I tin ci i’otine i the  a cei l a n t I  at ’ t’ w Ill he’

- - 
~ i 

< 
~~ 

‘— 

~~

. - 

~
1’
l

WI thu its.’ cii t h i s  ( m i t e ’ rva I and the ’ as aumpt I on c i t small cusp lit tit le’ way (tie’ as

(sti c’hi th a  I lb <~~ I) , C li.’ I e~i i  ow lug re ’sII it a can b1’ .‘a a l l v det’ I veil t row

Eq • (Ii) • (7) and (8)

— 1

~~~~~~~~~~~~
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Mx - ~~~~~~ sthI
1 

(21)

TT~LVL 3R 
Z~~COS~~1 

(22)

Remembering Mx = 0 and M~ > 0 for the chosen coordinates , it follows that

must be zero. Wi th this constraint , Eq. (18) becomes

‘~j — ~1
sinø~ (23)

inserting this into Eq. (17) y ie lds

I~.2 —2z1 — vz 1 
- z 1 sine (24)

Physically I~ 0 means the stator will follow (tilt) in a way such that

the operating wave h is 900 out of phase with the stator wave. The

generated pressure will be synunetric about X axis , therefore it will

produce no moment about this axis. Also it is observed from Eq. (23)

that z
1 
should be smaller than 

~l
’ Consider the special situation , where’

the stator is fixed , then the operating wave reduces to

h ~ sine (25)o 1

which is the case investigated earlier [4]. Another limiting case happens

when z
1 

z1, it turns out that — rt/2 and Zj = 0 which means stator

keeps parallel with rotor , obviously no pressure will he generated in this

position hence impossible, t~everthe1ess it points out tha t if z~ is very

small compared with 
~~~~

, then z
1 
approaches 2.~ and there is a slight phase

shif t from 
~ l 

— 17/2.

The relation between force and moment derived from Eq. (20) and

Eq. (22) is

R17 

::: .~~~~~~~~~~ 
‘ 
j



- _ _ _ _ _ _ _ _ _  
_ _ _ _ _ _ _ _ _

— ‘‘ -

inse r t i n g  into E q. ( 12) y ie lds

‘
~i ~~~~~~~ 

(26)
2mV

Rewri te this by changing to /g, and — N , whe’re’ is the’ wc’i gh t 01 the’

stator , N is revolut ions per minute , and i i  become s , a f t e ’ r sotm ’ r e ’ar range’me n t

= (_&.)  (
f) (60) 2 (~ 7)

1 8i~ N

In general the axial load f is not necessarily related to stator weight.

In this case , however , we may assume that axial load is equa l to the’ we ig ht

of the rotor and be consistent with the experiment pri’viouslv performed.

It is then found that ‘

~~~ 

will be too large even for relative ly high speed .

For examp le , take I — 10 , N — 3000 r.p.m ., tilt amplitude will he’ approx-

imate ly

= l.5nLn

and for N — 1000 r.p.m.,

—

But as stated before , steady operation requires 
~~ 

always bi gger than

which means initial waviness should have’ at least same’ order of amp litude’

as z1, and is impractical.

It can be concluded that tor a flexible mounted fact’ seal , if axial

force’ is comparable’ w ith stator we igh t , then there will he no steady state’

solution unde’r the’ assumption at synchronous motion . The’ reason lit’s in

the fact that single’ wavt’ provide’ both force’ and moment. The moment

required by the stator is very small while the moment generated is large it same

wave has to support the’ load .

Returning to Eq. (27) and requiring ’
~1 

2~~, One’ finds the limiting

speed below which operation is strictl y forbidden , this being

N 2 
— 

~~~~~ 
~~~ (28)
wz 1

—

~ 

T~~~
_ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

——---- 

-
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Case 2. Rotor has both first and second mode waviness

The operating film wave in this case can be expressed as

h — £
1
sin(B+Ø

1
) + £

2
sin(29+~2) 

- ~1
cos8 (29)

where z
2 

is the amplitude of second mode on rotor , 
~2 

is the phase angle

relative to the stator. As in previous cases , it can be reduced to

h = z~ sin(B’4.t~1) + £2sin(20+02) (30)

where Zj and are defined ~n Eq. (17) and (18). The condition of positive

pr essure becomes

z~ cos($+~ 1
) + 2~ 2cos(2$.3-Ø2) > 0 (31)

Assuming again h
0

/h << 1, amd l/h3~~ 1/h 3
, force and moment equa tions

assume the following forms

I’

f = -
~~~~ 

[z~cos(94’~~) + 2~2cos(29+Ø2)1d8 (32)

3
— 

_
~
i.VL R

J [z ’ cos(O+~~ ) + 2~ 2cos(28+~ 2)]sin6dO (33)
2h p

= IL VL R 
,~~~~ 

[z~ cos(e+~1) + 2~ 2cos(28+O2)1cos8dO (34)

Eq. (31) shows that integration interval p~
’ is a function of z~~, z2, 

~~
and 

~2 ’ therefore the analytical treatment of Eq. (32) , (33) and (34) seems

impossible. However , conclusions from the previous case and the symmetric

pt’operty of second mode can be used to make reasonable simplifying assumption

which will make closed form solution possible .

As stated before , if first mode alone is responsible for the fact’ load ,

then the moment generated will usually be too much for equilibrium . In

order that moment be of reasonable magnitude , one must let Zj become very

small such that it is unable to lift the load . On the’ other hand , the second

-12-
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mode has the ability to lift load while producing no moment owing to its

syninetric property. So in the combined case of first mode plus second

mode , it is reasonable to assume that  z~ should be very much smaller than

second mode waviness a2 ,  such that  the second mode is largely responsible

for the load support and the first mode wave is small but sufficient for

dynamic tracking .

To prove the above argument , recalling the dynamic equation of the

stator again , it becomes, for this case

= 
~~~~~~~~ 

~~~~~~~~~~ 

~~ 
J’~ [.~~ cos(0+ø

1
) + 2cos(29’l-02

) ]cos9d8 (35)

where and 
~2 

mus t sa tisf y cond ition Mx = 0. By def in ing

z,

(36)

and substituting Eq. (32) into Eq. (35) it will result in , after some

rearrangement ,

_ 

= (_&_) (
f) (60

)
2 5+ ~Ccos(0’l-~1) + 2cos(20+02) 

lcosede

1 
~~ w N 

~~ 
ECcos (9~41) + 2cos(29.14

2)
]d8

p

— (._&.. ) 
f ) ( 60) 2 (INT(M) \ (37

N ‘INT(F)’
LU W

where INT(M) and INT(F) are notations for moment and force integrals.

Computer results [Fig. (5) & Appendix Al indeed show that ~ must be much

smaller than un i ty  to keep 
~~~~~ 

within practical range . For instance , if

N 3000 r.p.m. and f/ 10, then

~ 0.2 *(~~~~~~ ) (cm)

� 2 .5 x lO~~~~~~) ,INT (M)/ iNT(F) should be less than 1.25*10
_2
. From

Fig. (5) one finds that C < 0.1 (for any possible phase angle) or Zj < 0.1 z2 .

And for N — 1000 r .p.m. , C should be less than 0.01.

_ _ _ _ _ _ _ _ _ _ _  

- .
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As shown before , smal l  C which imp lies small zj  (— C~2) wi l l  mean

that the stator follows in the position almost parallel to the rotor .

It can be expected that if the stator approaches the inertialess condition

then z~ approa ches zero and second mode wil l  be the only waviness in the

opera t ing f i l m .

Under the assumption of small C~ positive region can be determined

approximately by only second mode since first mode can only slightly change it.

+Hence p wi ll be

IT ~2 TT ~2 3rr ~2 5ri
- - T < 8 <  ‘~~ 

- -~- and T - T < ~~< - T
Assuming that h / h  << 1, and ~ << 1, force will be approximately

= Z
2 

2cos(2~+Ø
2

)d8
2h p

= 
2~tVL 

Z
2 

(38)
h

this equation fits very well with numerical data [Fig. (6) and Appendix A

with € = 0~~. Mean film-thickness can be derived from it as

( 2~ VL ) 1/3 
~~~ 

1/3 (39)

Wit h same kind of reasoning, the moment can also be calculated. From Eq. (33)

Mx — -i~V L R  
{ 

]
~ z~ cos(B+~ 1)sin8d$ + 1÷ 2~ 2 cos(20+Ø2)sin8d8} (40)

2h p p

The second integra l can be equated directl y to zero by recognizing the

synnnetrical property of the second mode , the result  is

= 
-p.VL R 

~~~ {sin(~ 1
_ ø

2 ) - ~ sin ~ 1} (41)

For the chosen coordinates , Mx 0, hence there exists a relationsh ip between

and 
~2’ 

which can be derived from Eq. (41) as

_  _  - -~~~~~~~~~ -.. . - . *.--
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sin~ 2tanl
1 

— (42)
eOs~ 2 

-

with the above restriction , M~ w ill he’ the’ total moment , which if follows

the’ same procedures as Mx did

~VL3R z~ ~cos (~ 1
-~~2) + ~~~~~~~ (43)

Computer results [Fig. (7) and Appendix Al show that the total moment JM~+M is

accurate even when ~ approaches 0.5. From Eq. (12), t ilt of the stator

become s

2 3  -~
= 

3 
z~ cos(l

1
-~ ,) + ~ cos~ 1~ 

(44)
2mVh -

Equation (39) and (44) show that mean film- thickness depends on second
I,

mode’ only, and tilt of the stator depends on first mode’ wave’ amplitude ’

alone’ but will be affected by second mode position (c” .,) .

Nt-sting effects and thermoelastic deformations will now be dealt

with . Recalling that

q h

when h 0 ~< h , i t  wi ll become approximate l y

2 2 2
q —  _

~~~~ r
h0 (45)

h
h

where first term is th~’ uniform heating which doe’s not contribute’ to surface’

curvature. The second term is non-uniform heating caused by operating film

wave . I t  can be fu r the r  expressed as

— 
~~~~ 

~~~~~~~~~~ + z2 in(28+ 02
) j (46) 

— - -- - .~~~~~~~ - .
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Substituting into Eq. (14) yields

d 2 Z 2
th 

= ~~~ lz ’ 8in(8~~ ) + ~ 
sin(29-FØ~)

”
} (47)

x Kb

After integrating twice ,

~th 
- ~~V

2
R
2 

~z~ sin (~~~ 1
) + ~~ sin (2~~~ 2)~ + C

1
0 + C

2 
(48)

Clearly , bo th C
1 

and C
2 

should be zero because of seal geometry .

Therefore’ thennoelastic deformation is composed of first mod e and second

mode component which will be expressed as

2 2
Z
th

1 
= 

Kb2 
z~ sin(9+~ 1

) (49)

2 2

~th 
= ~2

sin(20+~2
) (50)

2 4Kb

It is noted that the above derivation imp lici tly assumes that heating is

genera ted by the full film . Stanghan-Batch [21 has shown that although

cavitated regions exist , the fluid is partially continuous around seal

surface . Therefore  actua l values of heating and surface deformation should

lie between the extreme s, full film and absent film when p = 0.

Referring to the block diagram again [Fig. (2)1 , two equa t ions can

be written from initial and operating conditions by separating first and

second mode compon en ts

+ 8
th

1 
- ~ 1cos8 = z~ sin(8+~ 1

) (51)

~2~
sin(20+t

2
) + = ~2

sin(2944
2

) (52)

where 
~~~~~~~~~ 

z
2~ 

are initial amp li tude of first , second mode waviness of the

ro tor , and are phase angles relative to the stator wave. Substitute

Eq. (43 , 49 , 50) into Eq. (51) and Eq. (52) wh ich yield

_ _ _  ~~~~~~~~~~~~~
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- Zj ~ l - ~ ~~
2
}sin( 9+$ 1) + 

‘
~1

cos8

r 2 2
— 

‘

~

‘ ‘L 
~ mVb 

- 
i.~~V R  sin(8+I ) + cosej (53)

F( 1, 02 )p. R L Kb

and

z 21s i 2 ~ 4-$ 2 ) - z
2 ~

l - 
~~~~~~ isi

n(2e+Ø
2

) (54)

wh e r e

F(~ 1,~~2) a cos(~ 1
-~ 2

) + ~ cos~ 1 
(55)

From Eq. (54) it is found that

= + 2i~

wh ich means thermoelastic deformation in the second mode will be in phase

wi th the’ initial waviness , Operating waviness a
2 

can be obta ined by

substituting Eq. (39) into Eq. (54) as

2 2  3 -2/3
~~V R  2i,~VL 1/3

— - 
4K f (z 2) (56)

The’re’fore if initial amplitude z
2~ 

is known , then operating amp litude 
~2

can be determined and will depend on load , sl id ing speed and oth er physical

properties.

The’ initial conditions of the rotor waviness including amp litude- and

phase r e l a t i onsh ip .  Phase s h i f t  between first mode and second mode

waviness will be dc-fined by

(57)

where ranges from -ri/2 to “T/2. 

— -~~~~~~~~~ ~~~~~~
- 

.- - .-
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Inserting this into Eq. (53) and taking two orthogona l components yields

two equations

£
~~ 

cos(~~~~~~~~ ) = 
~
l[

~R2L~;~~ ~~~ 
(1- 

~~~~~~ )1cos~ l (58)

~1i 
sin(-~~TT-~$.) - 

‘

i[ 2 
(1 - 

t4aV
2
R
2
)~~~~~ (59)

1 P.R L F(~ 1,0 2 ) Kb

where 02 ranges from -i~ to IT . Recalling Eq. (42) which relates 
~~~~, 

to

and dividing Eq. (59) by Eq. (58) will yield

— T~ ~2 02z . ~sin (’-~—±’rr -L~$~ ) + sin (-~—±rr+t~i 1) (60)
z
li ~ - cos0~

By de f ining

_ 2~vh 3
A 2 3  (61)

p.R L

B = - = 1 - (‘1)2 (62)
Kb crit

and substituting Eq. (60) into Eq. (58), one finds

02cos(-~-±TT-fr~r 1
) (~-cosØ2)F(~1 ‘~ 2~ = A B  (63)

E-~- s1n(~~ ±IT A$~~) + 5in(~~±TT+~$~ )]cos~ 1

Also Eq. (44) now becomes

64
A

therefore

zi 
_ _ _ _ _ _ _ _

~ 17 = 

~~~~~~~~~~~ 
(65)
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A computer program [Appendix Dl has been written to evaluate AB and z~ /A~ 11 .

Part of the results , where negative z
1
/~~1~ 

is not allowed , are shown in Table

1. It is found that AB may have positive and negative values for any initial

..
~ 

.‘ 0
phase angles , and is zero when z

1 
z1. and — 90 , wh ich means z

1 
is

restricted. Although this is true , i t  is also found that z~ /A~ 1. reaches

maximum (when ~.j,• a 0°) or near maximum (for other A$1
) at AB = 0. Values

of z~ /A~z1~ 
for AB 0 are shown in Fig. (N). Whether these value s can be

reached depends on A. For examp le , take the worst case when A$. = 0
0
, Fig.

(8) shows that zj/A
~1i = 1.75, so

—~~ = ( l . 75A )  = ~~~ 
crit (66)

B—O p.R L

By substituting for h from Eq. (39),

— 2z 7mV
1 

= 
crit ’. (67)

z
1~ 

fR 2

A limi ting case is that becomes very large (approach ing the fixed mounting

case), then Zj will approach infinity, which is the case investigated

earlier [1]. Eq. (67) can be changed to

V
2

i
~ ~~~ (6 8)

7m

Since the stable condition requires z~ 
~~ ~2 ’ it is instructive to choose

values of z/z
2 
as the limiting condition to evaluate critica l speed . For

ins tance , if z~ /~ 2 
= 0.1 , then Eq. (68) becomes

2 fR 2
crit

The ranges of f , R , and 2li may vary broadly for face seals , and so will

the cri tical sliding speed. Eq. (69) points out that bigger f,R and smaller 

-.- .-. 

- - - -

~~~~~~~~~~~~~ - - ~~~~ ~~~~~~~~~
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will make Vcrit higher , hence safer , and vice versa. Also , by

noting that larger f1 requires smaller relative to z
2 

it follows from

Eq. (68) that the radius of the stator and the initial amplitude of the

rotor are the most important factors in considering thermoelastic effect.

It is noted again that when ‘~~ approaches zero, there exists no operating first

mode wave in the film; same result will occur when initial first mode

waviness approaches zero. In both cases , there will be no thermoelastic

deformation in the rotor first mode hence no thermoelastic instability .

These observations can be reflected from Eq. (69) by notink that V rjt

approaches infinity and are consistent with the previous theory [4]. 

--= .-

~~~~~~

--—

~

-
-—------- -- 

—_ _—
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RESULTS AND DISC USSION

For flexibly mounted face seals , if there exists only first mode

waviness  on the’ rotor , and a xia l  load is comparable with stator weigh t ,

t hen there will be no admissible stead y operation under the assumption

of synch ronous mot ion .  I f  there ’ e’xtsts onl y second mod e waviness , then

thermot -la st ic  i n s t a b i l i t y  w i l l  not occur [4]. For the’ case’ where both

first and second m ode wavine’ss is pre’sent , the condition for stead y

opt-ration requires Zj  << Z
2
. It is found that axial load is supported

largely by the second mode’ wh i le’ the first mode’ wave- will be responsible’

fo r the mot ion  of the’ stator . En such situatie-is , tbe’rmoelastic deformation

will grow when s l i d ing  speed incre ’ases, Although it ,~ill not reach infinit y

as in t h ’  case of the ii xe’d mounted face ’ seal [ii, it may reach a certain

value where the requirement of z~ ~
< f a i l s .  This enables one to de’te’rmfn.’

t i t e ’ critical sliding spee’d , wh ich will depend on load , mass of st ato r , r ad ius

of st a t o r , i n i t i a l  f i rst  mode waviness  of the ’ rotor  and i n i t i a l  phase angle

between first and second mode- waviness of the rotor.

-21- 
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( ,.w Roto r

Sta tor

First mode plus second mode’ waviness

_____ ~~ V - Rw

h ( t )
~~~~~~~~~~~~~~~~~~~~~~~~~~~ mode’ wav ’

Figure- 1. Sketch of Thre ’e Dcgre’e’ of Fre ’edom Face Se’al Mode’l
wi th  Two Mode’s of Waviness
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[ in i t i a l  waviness
[of the rotor

operat ing f i lm- th ickness

h — h + Z 1 +~~ th ~~~l

hy d rodynamic 1 heat generation

pr essure p J q

th ermsoe las t ic  
________

deformat ion 
~fh

____________ ____________ ____________ ____________[ force f 1 moment M

me an f i lm-  t i l t  of the 
_________

thickness h f st a tor

Figure 2 ,  Block Diagram for  Thermoelastic Analysis

I.

___________ A
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0 Rcos8

Rai nO

~1K

+
~~

-

~~~

----( 
I

,

Figure 3. Axe s of Coordinate s for the Narrow-face Seal
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z

0
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I
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‘— S!j. ,
Z “~~~

‘:.1 Ci~~3 ~~~~~~ 
•

(8 - 0) 
Y (0 - ¶1/2)

Figure 4. Motion of the Stator and the Definition of
Rotating Coordinates
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0 X — 0

• X — i ~/6

£ X — n / 3

E1 X — i i / 2

.2 -

INT(N)
INT (F)

• .l

.0125 .— — — -

I
.1 .25 .5

amplitude of first mode wave (z’)
C — 

amplitude of second mode wave (z
2)

: 
Figure 5. ~(oment integral/Force Integral) vs. C for

small-perturbation Analyst.
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15 . 1 X — 0

2 X— I T / 6

3 X =rr / 3

4 X ri/2

INT(F) 

€ — 0.5

theory

5 _  
1

5 = 0  2

3
4

1
.125 .25

amplitude of f i rs t  mode wave (z)~~
amplitude of second mode wave ~i2)

Z
2

5= —
h

Figure 6. Force integral vs. C for Both Small-perturbations
(a —0) and Large Amplitude Waviness (a — 0.5)
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0 x = o
1.5- o X—i -r /6

£

0 
~ = rT/2

— theory

1.0

INT (14)

0.5.

I
.25 .5

amplitud e of f i rs t  mode wave (z)~~
C = amplitude of second mode wave

Figure 7. Moment Integral vs. C for Small-perturbation
Analysis
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Figure 8. Z~/Aa1~ 
vs. at AB — 0
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£ X — i r / 3

.6. 

X— rr / 2  

/
INT (N)
INT(F)

£

.4 ’
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1 1
.125 .25

amplitude of first mode wave (a’)
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Figure 9. (Moment Integral/Force Integral) vs. C for
Large Amplitude Waviness (a — 0.5) J
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AB

O 0 0 8.70 1.18

O 45 -32 0.57 1.47

0 86 -3 0.04 1.75

O 94 3 -0.04 1.75

0 135 32 -0.57 1.47

O 180 0 -8.70 1.18

30 30 -23 0.71 1.31
30 56 -3 0.37 1.50

30 86 20 0.05 1.54

30 98 28 -0.10 1.50

30 128 39 -0.80 0.98

30 146 13 -9.50 0.01

60 68 28 0.43 1.00

60 75 32 0.30 1.00

60 86 38 0.09 0.97

60 97 39 -0.20 0.84

60 109 31 -0.64 0.54

60 116 13 -1.10 0.40

90 -244 -40 -1.27 0.45

90 -210 -23 -4.45 0.21

90 0 -180 -39.2 0.03

90 6 8 39.2 0.03

90 38 28 3.35 0. 26

90 71 38 0.87 
— 

0.47

TABLE 1
Results of Appendix D

_ _  - . ---- - 
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Appendix A - Program for computing force and moment integrals

PROGRAM MOMEN ( INPUT ,OUTPUT )
• _______R E Ai _iLL.,$l , LI X2,-

~

IX3 -

~

tY-Z ,-t.A P1DA _----— - — — .-  -  —

C EPSI • 2ND MODE I MEAN FILM TH ICKNESS
C ZETA • 1ST MODE / 2ND MODE

P 1s3. 1’.15926
- - READ_ .i.t~,~LETA,EP—5L —- - - - —  - .~

_ .
1 FORMA 1’ (F6.O,F1O.8,F3.1)

OTH .PI/D
— DO- LOO- - -_ ..~~ 3,O —-- --- - . ~~~~~~LAMUA sO .

K.O
PRINT 2, O ,Z ETA ,E PS I

- . -

3 T HE TA• — O T H
MX 1—0._nX_z-o.__ —--- -. .- -  - --——.- — .- -

MY 1 O.
MV 2-0.
F1—0.
F2- aO.- - - - - .~~~~~~~~~~~~~~~ .. -- - -

.5 THETA - THET A f OT H
P~ Z ET A * C O S 1 TH ETA + L A M D A ) + 2 . * COS (2 . * 1H ETA )

—- -.-I~ ( P-.LI~.---0-. .AN D- .—_ I-HE U-.-.-L-’L- . Z. SP 14

OF 1.P*DTH
F 1— F 1 +~IF1

_ .Dnx 1=p .S 114(THETA )*OT H - - .

DMYL P*C OS ( T Hs T A )  *01
• MX1.MXL +OMXI

MY1—MY IfOMY1

H.1.+Z ETA* SIN (  THETA+L AMD A ) + EPS I* S IN(2. *TH ETA )
HCU8E aH*H*H
DF2-O FL/H CUBE

- -  - —-  -F 2 F2+0F-Z- .------ —.---- - — - - --- _ - —  - . . ,

OMX2 D)iXl/ HCUBE
DMY2 DMYLI HCUBE
PiX 2 MXZ +DMX2

— -  . Z Y L ) P $ . Y - 2  —-- -- —- — -—- -

IF (T H ETA .LT. Z .*PI) GO TO ~ - ‘ -

MISQRT ( MX I* MX I+ MYI* MVL )
- M2SS~3RT ( MX2 * MX Z+~ Y2~ MY2- )

FM1~ n1/F1
F M~ a M2/ F2
PRINT 50, LAMOA,M L,Fl ,FM1,M2,FZ ,FP12

- --50-FURMA T (FI3.,-7-,b420..b3-— -- - . . - -  - -

LAM OA LAPWA ,PI lb.K.K +liF( K .LE. 3) GO TO 3
Z ETA .ZE TA/ 2 .

100 CONTINUE
END

• —

- - - 
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Appendix B - Force equation for large amplitude waviness

Recalling that

f _
~~~~

_ J
~~

_
~~~~~d8 (1)

p h

where

÷ 

h = h +  z~ sin(9+~ 1) + £2sin( 28+~ 2)

and p means

- - 8< - and - 9 <  -4 2 4 2 4 2 4 2

changing the variable to h , another way to calculate f w i l l  be

f= ~~f5~~~~~ dh

(2)
h p

where p~ becomes

h + z~ sin( - ’~ + ~ 
- < h < Em + z~sin(~ ÷ ~ 

+

and

h + ~~sin(~~ + X) - z2 
< Em < h + z~ sin (~~ + X) + z2

where

Consider only the case Zj  << Z
2~ 

wnere 
~2 

not necessarily small compared

w i t h h , then becomes approx imately

and - Z
2 
< h < Ii + Z

2

insertion into Eq. (2) yields

3 
2h~~

f , !~1, (j~
2 

- ;2)2

-33-



.• -
~ 

- -.-. . ------ - - -- -,-- -,---—-- — - - - - - -— .- --- - . ---

-.34-

_ 2ij.VL
3 ~2

h ( 1 -a )

where

Z
2

when C ~ 0, Eq. (4) converges to

— 
2~j.VL~ Z

2 
(5)

h

which is the case for small-perturbation analysis.

I
I

9

I
I

-~~~~~~~~~~ -- ..-— . - ________________
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I Appendix C - Moment e quation for large amp litude’ waviness

Recalling that

—~~VL3R z~ cos( 994 1) + 2~ 2cos (28+~ 2 )
— -‘.3 J+ 3sin0d6 (I)

2h p r 1+C€sin(8+~1
) + asin(20+02)l

• where
C —~~~~~

and

z2
€ — —

h

For convenience , write N
~ 
as

~~ _-w.VL
3
R {INT(141

) + INT(M
2)~ 

(2)

where INT (14
1
) ,  INT(M2

) denote first and second mode components of the integral

in Eq.  (1).

Consider INT (M1) ,  when C << 1 as assumed , it becomes app roximately

z ’cos(9+~ )sin 8
INT( M1) — J 1 1 dO (3)

+

+where p means

-~~~ - ‘.~a <  8 <  ~ - and - . 1< 9 <  ~I!. -4 2 4 2 4 2 4 2

by changing variable 9 to 9’ as fol lows

0’ — 29 + 
~2 

+ 2

The integration interval becomes

0 < 8’ < T~ and 2~ < 8’ < 3rt

.35-
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Eq. (3) can be change’d to the following form

IN T(M ~ — !i {_stn~ J”T dO 
+ cos(~ ~ )

I cosSd9_
o 1-acosO o 1-ecosOl

+sin(~ 0 ) ~~ sinOdO (4)
o l -€ co sO

The integrals in Eq. (4) can be carried out Ciii by writing

-C + cosO c + cos~cos~ — or cosO = (5)i_ c cos8 1-fe cosp

such that

dO — 
( l -€ 2 )~~d~
(1 + ccos~)

resu l t s  wi ll be

dO l-f(1
2
/2)

‘0 ( 1-€cosO) ( 1-C )

cosOdO (3/2) CIT
J 3 2 5’2 

(7)
0 (l—€cosO) (1—c ) ‘

sinOdO 2
I 3 2 2  

(8)

~ (l-€cos8) (1-c )

hence

I TTsin~ 1 14 (1
2/2) 3ncos(~ 1-c

’2) __________INT(M
1
) — 

~il ’ 2 (l_e 2)5u
12 + 4 (1_€ 2)

5
~
’2

stn(~ -0 
)

2 2  J
(1-a )

when a ‘~ 0, it converges to

INT (M1
) — z~~~

_
~~sin~ 1 

+ sin (~ 1-02)} 
(10)

which is the same as derived for small-perturbation analysis.

- - . - - - _ - - .- - -~~~-. , -.- - - - -
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As for integral INT(M2), the 
Ccsin(94-~1

) term cannot be neglected ,

in fact , it is the dominant term in the’ integral. A closed form solution

seems impossible ; instead , it will be carried out by series expansion as

follows

1 
— - 3y + 6y

2 
- lOy 3 + lSy4 -+..., (11)

(i+y)

where in this case

y — €[ Csin( Gf 11) + sin (20+Ø
2
)]

since C << ~~, higher order terms are approximately

y
2 

€
2
[2Csin(G44

1
)sin(20+0

2
) + sin 2(28’f~2)]

y
3 

— c3C3C sin(O+11
)sin

2 (29+02) + sin 3(20+0
2
)]

yfl 
= c~ f nCsin(8+ ,1) s in ’~(2O÷O 2 ) + si n” (2Gf0 2 ) 1 (12)

• I t  can be shown that , fo r integer  n

• ~÷ 
cos(2O 02)sin

”(2O+~2)sin8d8 — 0
p

J COS (28+O
2
)Sifl

h’m
(28+4~

2
)COSOdO — 0

p

By changing variable as in the evaluation of INT(14
1), 

one finds

INT(M
2
) — 2z~ 

_ 3€S+sin( G+X) cos2esin$dO

+12€25~~ in(8+X) cos2Osin
2
2Os inOdO

-30 C3j+sin(9+X)cos2esin
32esinede +- . . .} (13)

where
...

2
— - 

T

The f i n a l  resul t , taking onl y the first three terms , is

-~~~~~~~~ .~~ TTii T~~~~~~~~~ _ _ _
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INT(M2) — z~ ~-6a [cos~ 1 
- ~cos(~1-Ø2)) +8 c

2
sin(~1-O2

)

- 204cos~1_ficos(I1
_O
2
)] +- . ..} (14)

It is clear that INT(M2
) is also a linear function of z~ , and will converge

to zero when C approaches zero. From Eq. (2,9,14) , the total value will be

—IJ VL
3
R 

~~~~~~ 
~~ ~ I±(e2 /2) 

3T’Tcos(~ 1
-02
) €

2h 3 5
i~ L 2~ i (l_C 2)572 

+ 
(1~c2 ) Sf2

sin(~1-O2)--~ r
+ 2 2 .i +

(1-€ )

+ 8€
2
sin(~ 1

-02
) - 20e~ cos~ 1-’~~cos (~ 1-02))

+- .. .i} (15)

can be obt ained in the same way with the following result  I,’

~LVL
3
R ,f [ri- 1+(a2/2) 3rtsin(~ 1-02

) 
_________— 

2h~ 
~~~~~~~~~~~~~ ( l_ c 2) 5/2 + 

( l_ C 2 ) 5/2

• cos(~1-Ø2
)-1

+ 
(1_€ 2)

2 J ÷ L_6e(8i~~i 5 (
~1

_0
2))

+8e2cos (~ 1-~ 2) -20 € 3(sin~ 1-fisin (~ 1-O 2))

.]} (16)

When € n~ 0, it converges to

= ~i.VL~R zj{~cos~1 
+ cos(~1-02)1 

(17)

which is the case for small-perturbation analysis.



-

Appendix D - Program for determinin g maximum thermoelastic effect.

___  - -  - ___

DEGRE - 57. 2~ 603P
P12— P 1/2.
DEL-.—P12—P1112.. - -1 DEL— OEL .P ! / 12.
IF(DE L .GT. (P12+.0001)) GO TO 100
PH1~~.—2 . * P T— P T / 24 .

10 PHT~~—P H T 2+P 1/? 4 .  --TA P4F1 iST N( P~IT2 ’I /(COS( PHI2)  —P12) 
PHI 1—ATAN ( T A NF 1 )
SH IFT— PHI2/2. — D E L — P HT 1
PST .PH IZ !2. —DE L - . -DFt D.DEL* DEGRE - - . .

PH! 2 D.PHT 2* DEG RE
PH I1O.PHI1*DEGR E

-— . SHT F D.SSHT FT*DEG PE. - . .~~~~~~~~ . -P S I D P  ST * DE CR E
ZW 1. P12* S I N( PHT 2/ 2 .  — DEL ) + S T N I P HT Z / 2 . +D EL)
ZW2 P12—C OS ( PH TP )

— ZWAVE .—TWIIZW2 _~~~~~ _ . . -
FP H A S .C O S(P H I 1— P H U T  + P 12 *COS ( P H T 1 )
I F ( * B S ( Z W * V E )  .11. .0001 ) GO TO 15
~8 — COS (  PHT2 /2 . —DE L ) * FPH & S/  ( ZWAVE * C O S (PHI 1))
~~~~~~~~~~~~~~~~~~~~~~~ 0.000001) G0 TO .1O
0— AB +C
ZP P IM .ZW A VE /FPHAS
I F ( Z W A V E  • LT .  0.00000 1) GO Tfl 10

15 PQTN T 2 0 , D E L D , P H T 1 D , P S T D , Z W A V E ,A 8 ,Z P R T M , D  - -  -

20 FOR MAT (4 F 14 .4 ,3E20 . 4 )
T F( P HI2  .GT. (2. *P 1— .000l )) GO TO 1
GO TO 1O -100 CONTINUE - - . - , -

END
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Appendix E - Remarks on large amplitude waviness

If the restriction of small-perturbation is removed , which means first

mode and second mode waviness as well as stator wave amplitude not necessarily

small relative to mean film- thickness , force and moment will be different but

not change much if z2
/h is not very far away from zero.

Following the same procedure as did before , the stator amplitude is

found to be

I 2 
_____z~ ~ 2~

L)(N~ ~INT(F)~2IT w

where

~ 
[Ccos(G+)~~ + 2cos(20+0

2
)]cos8d8

p t1+Ccsin(O+~1
) + Csin(20+02) I

r CCcos(O+)~ + 2cos(20-m-02)]dOINT(F) — J÷ 3
p CI+Ccsin(6+~) + 

€sjn(294-02))

We can still conclude that 
~ 

<< 1 in order to keep within practical range

EFig. (9) and Appendix A].

Under the assumption of Zj << 
~2’ where ~2 

may be comparable with b ,

Appendix B shows that force will be approximately

3 *2
f_ 2~VL z

i;~ (1_s 2)
2

Therefore force will be changed by the factor

1

(l_c 2)
2

for example, if € — 0.3, force will be 1.2 times compared with small-

perturbation case.

Appendix C has derived the moment integrals Results show that moment

is a linear function of Zj~ and will not change too much if € is not toe big.
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Appendix F - Sta tor  motion in Eu l e r i an  Coordinates

The formulation of Kupperuman (12) has been reviewed , and is felt to

be appropriate for small , steadily precessing tilt of the type studied

he’re. If one refe’rs to any advanced dynamics text , one’ finds the angular

velocity vectors , referred to Eulerian axes , to be , using present notation:

Bsiny
x

Ocosy+O

Here 8 would correspond to w the speed of ro ta tion of the ro tor and i f  the

stator follows rotor tilt it will be the speed of precession of the stator.

The quantity 0 is the spin of the stator relative to the moving coordinate

system and must be such as to keep the absolute Q = 0, if gimbals or 0-rings

keep the seal ring from rotating. If the tilt angle is fixed (steady

prec ession , no rotation), then ~y = 0. Using this information the only

moment is that given in Eq. (10).
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